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Abstract- The performance of coherent Doppler lidar is determined by the statistics of the coherent
Doppler signal. The derivation and calculation of the covariance of the Doppler lidar signal is presented
for random atmospheric wind fields with wind shear. The random component is described by a Kolmo-
gorov turbulence spectrum. The signal parameters are clarified for a general coherent Doppler lidar sys-
tem. There are two distinct physical regimes: one where the transmitted pulse determines the signal
statistics and the other where the wind field dominates the signal statistics. The Doppler shift of the signal
is identified in terms of the wind ficld and system parameters.

1. Introduction

Coherent Doppler lidar has become a promising new instrument for observations of the atmosphere.
The first systems were based on the CO laser'™. More recently, solid state lasers have been successful
integrated in Doppler lidar designs®~. The targets for Dopper lidar are small atmospheric aerosol parti-
cles. Doppler lidar data can be the return from a single pulse or a collection of many pulses along the
same line of sight. The advantages of multiple pulse has been discussed by Rye and Hardesty®, and
Frehlich®. Coherent Doppler lidar data is used to estimate the radial velocity of the targets using various
mean-frequency estimators 314,

The actual measurement quantity is related to the statistics of the random wind field over the sens-
ing volume of the pulse. The effects of the pulse volume averaging for Doppler radar has been investi-
gated by Doviak and Zmic'®. The estimated Doppler frequency is defined in terms of the spectrum of the
signal. Doppler radar data is generated by transmitting many pulses and sampling the retums at fixed
sampling interval Tg[sec ], which comresponds to sampling the same spatial volume defined by the pulse
at equally spaced time intervals. For this case, the statistics of the data are determined by the time evol-
tion of the sensing volume of the pulse, and the spectrum is a well defined quantity. For coherent
Doppler lidar, the data is generated from a single pulse as it travels through the atmosphere. The sensing
volume of the measured Doppler frequency is determined by the distance the pulse travels in the finite
observation time of each estimate T=MTg, where M is the total number of data points per estimate. The
spectrum is not well defined and the Doppler frequency is related to the statistics of the wind field over
the sensing volume of the single pulse. The estimated parameters are then related to the wind fields and
lidar system parameters in a different fashion than for the Doppler radar. This connection will be derived
to clarify the meaning of coherent Doppler lidar measurements and pave the way for more reliable esti-
mators of the signal parameters. _

The statistical description of coherent Doppler lidar data from aerosol targets has been shown to be
well represented as a zero mean Gaussian random process. It is a common practice to follow the tradition
of Dopgler radar and convert the real signal to the complex analytical signal using a quadrature
receiver'>17, This generates complex data with desirable statistical properties that simplify the calcula-
tion of the Cramer-Rao Bound!#1>!3 (the ideal performance of estimators of the signal parameters) and
the development of efficient estimators of the signal parameters. The statistical description of the data is
required for these analysis. Since the data is a Gaussian random process, the signal covariance provides a
complete statistical description of the data. The signal covariance is derived for a general coherent
Doppler lidar including random wind fields and wind shear. The derivation follows the analyses of
Frehlich and Kavaya'? for the performance of coherent laser radar for general atmospheric refractive tur-

bulence.

2. Coherent Doppler Lidar Signal

A coherent Doppler lidar can be represented by the transmitter aperture function Wr (W), the
transmitter laser field incident on the transmitter aperture E; (@,0,t), the receiver aperture function Wy (¥),
and the Local Oscillator (LO) field incident on the receiver aperture E; (¥,0). The transmitter laser field
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with frequency f [Hz] is given by
Ep, (8,01 A (¢)e, (@.0)exp(2rif 1) ey

where ¢ [s ] denotes time, ¢, (i,0) is the normalized spatial field which is assumed independent of time ¢
(the spatial mode of the laser pulse is independent of time) and

4
AL (6) = Pt Yexp2niff o ()t '] @)
0
is the temporal behavior of the complex amplitude of the pulse where P, (¢)[W ] is the pulse power and

fc(t)[Hz] is the frequency chirp of the transmitted pulse. The LO field in the receiver plane with fre-
quency f1o[Hz] is given by

Epo (%0) = Ppe 0 (W0)exp(2mif 1o ) 3
where P; o [W1]is the LO power and
[ lew 2o @O)|du=1 @

The coherent Doppler lidar typically operates under the ideal condition of quantum limited detection, i.e.,
the signal noise is dominated by the shot noise of the LO field. We will assume that the detector quantum
efficiency ng is uniform over the surface of the detector and that all the LO power is collected by the
detector.

For Doppler lidar measurements of the atmosphere, the backscattered field is a zero-mean Gaussian
random process because it is the superposition of all the backscattered fields from many random aerosols
is the superposition of the backscattered field from many aerosol particles. The doppler lidar signal is also
a zero-mean Gaussian random process. It is convenient to normalize the signal by the standard deviation
of the noise signal and employ the complex representation (Appendix A)

> Z(t)}=S (N (1)=Refz(1)] &)

where S (t) is the normalized Doppler lidar IF current signal from the backscattered field and N (¢) is the
normalized additive detector noise. The statistical description of a Gaussian random process is given by
the covariance function

Bz (t1,1=<Z(t DZ(t)> =Re[R, (2},¢7)] (6)
Ry (t1t=y <262’ (1)> ™
<z(ty)z(t2)>=0 8)

where the ensemble average <> is performed over the appropriate random process. With this normaliza-
tion

B, (t1.42=0(e 1t D+ Bs (t1,02), R (£1,8 )=t 1—12+R; (£1,42) ©
where B (t1,¢2) and R, (¢1,27) are the covariance of the nomalized Doppler lidar signals,
Bg(t,t) =Rgs(t,t)=SNR(t) 10§

and SNR is the coherent lidar signal-to-noise ratio with respect to the ensemble average. The Doppler
lidar signal is typically uncorrelated from shot to shot because the aerosol targets move more than a
wavelength between shots, which produces random phases for the backscattered signal. The ensemble
average over the aerosol particles is the most common ensemble average and produces (Appendix A)

Rstertmy o | ALa,—2§)Az(:z—2§>1<2@.z>ﬁ<rt,z)|Qcﬁ,z)Pexp{zmw—%v,w.z NpdBdz (1)

where v, (P,z) is the radial component of the velocity of the acrosol particles at coordinate (P.z),
AF =f; —f 10 is the frequency difference between the transmitted field and the LO field, and
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Q@.2)=L [ [Wr(@DWs We (@0)efo (VO)G @W2)G B9z )d UV (12)

where G (pil,z) is the Green’s function for propagating the field from the transmitter plane to (p.z). For
Doppler lidar, the complex signal z (¢) is also an analytic signal because Eq. (8) is satisfied (see Appendix
A). This provides simplifications for data analysis and estimation algorithms. The function R (ry,t2) is a
hermitian function, i.e.,

R(t1.t)=R" (t2t) (13)
With a high pulse rate Doppler lidar, many shots can be transmitted during the temporal scale of the
random Green’s function G (p;U,z ), which is usually determined by the atmospheric refractive turbulence.

This permits investigations into the statistics of refractive turbulence. The ensemble average over refrac-
tive turbulence produce

oo oo

Rs(t ,:ﬁ%j [ AL (1=2210)AL (13-22/¢)0 Bz )exp{Zm’ UAF -2v, B,z )/M}aﬁdz . (4)
Q—oo
0 Bz)=K%P.2)B@z)c P.2), (15)

where
, c@2)=10@.2)I%, (16)
is the coherent responsivity density!® of the coherent Doppler lidar. For many applications, the effects of
refractive turbulence are negligible and
ik ik
- = f - —_— e — 2
G@Puz)=G/ (Pu.z) s exp[ zz(ﬁ—ﬁ) ] (17

where G/ (Piil,z) is the free space Green's function and k=2w/A[m™!] is the wavenumber of the laser
field. The fluctuations of the wind field V(ii,z), atmospheric extinction K(p.z), and backscatter
coefficient B(p,z ), are the remaining random quantities.

A typical Doppler lidar has a narrow beam compared to the dimensions of the range gate. Then, the
dependence on the transverse coordinate p'is small and

Rg(t ,,:;):% ;! H(2)Ap (t1=22/¢ )AL (tz-2z/c )exp{21u' HAF -2v, (0,2 )/M}dz (18)

where
H (z)=K?*0,2)B(0,2)C (z) (19)
is the system gain and

C@)=[c@z)dp (20)

is the coherent responsivity ' of the coherent Doppler lidar.
The center of a range gate for Doppler lidar measurements is defined by

zg=cto/2 @1

and the total observation time corresponding to this range gate is (¢g—T/2,to+7/2). If B(P.z), K(P.2),
v, (P.z), and ¢ (P,z) are constant over the sensing volume of this range gate and if there is no frequency
chirp fc(¢), we have for all (¢,,2,) in the observation interval

Rs(t1,t)=Rs(¥) = o¢ H (zo)exp(2ritF) j [P ()P (t—1)]2dt (22)

n
2hvB

—c0

where
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F=AF -2v,(0,z¢)/A (23)

is the mean frequency of the Doppler lidar signal, v=t,—, and the limits of integration have been
extended to infinity. The signals x(¢) and Z(t) are stationary over the observation interval
(t—T/2,t+T/2). For a Gaussian pulse with

Py (=P exp(-t*c?) (24)
Rs(t) = SNR (z)exp(2riF —t%1p2) (25)
where
SNR 0cUL H
(=L H (z0) (26)
is the SNR for a pulse centered at range zo,
Up= [ PL()dt 27
is the pulse energy and Tp =26 is the decorrelation time of the lidar signal for uniform wind fields.
The signal spectrum is defined as
@,(f) = [R, (Dexp(-2mitf)dt (28)
and
N (f )= K 2zoB(z o)C (z o)M (f -F) (29
M@= jP,,(:)"’exp(—sz:)d:'i'z" T G

is the spectrum of the transmitted pulse. The signal spectrum is also the same as the signal spectrum from
arigid or dlffuse hard target. ,

3. Effects of Wind Shear

Doppler Tidar data permits estimation of the radial component of the wind ﬁeld v, (Pz) with a single
shot. For short pulse duration, the random fluctuations of v, (P,z) can be approximated by the first two
terms of it’s Taylor series expansion in z, i.e., ‘

v, (P.2) = v, P.zoH+g P.zo)z—20) (31)
where g (P,z0)[s 1] is the wind shear of the radial component of the velocity at (B,z), i.c.,
v, (P.z)
gP2)=—5— (32)

The range dependent system gain O (B,z) is approximated by the first two terms of it’s Taylor series
expansionin z, i.e., .

0 @:2) = 0 @.z0)[1+b (P.z0)z ~20)] (33

where o . B
_ 1 30(?,2)
b@z)= oW o (34)

When these approximations are valid and for a Gaussian pulse [see Eq. (24)]
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Rs(t1,t2)= n;lcvlg :Jio @.z0)[1+2b (B2 0)Ar (Wo—to/o~i 5:75)]
exp{zm TAF =2v, (B2 YA+2(t W)/ (Tws O) 1=t 1p 2t/ Tws 2}4? (35)
where p=(t,+,)/2,
TWS=2-§@—’Z’;)E (36)

is the decorrelation time due to wind shear and
Ar=co/2 (37)

is the length of the pulse in range or the range resolution. For a Doppler lidar with a narrow beam com-
pared to the dimensions of the range gate

R (¢ 1t2)=SNR (2 )l 142Y(WO—t o/ —ie—)]
2Tws

exp{i T2RF =2(p—~t o)/ (Tws O)1-T2/Tp 2= tys 2} (38)

where
¥=b (0,20)Ar =[0 (0,2 o+Ar -0 (0,20))/0 (0,2¢) 39

is the fractional change of the gain O (0,z) over the range resolution Ar at zg, if the linear approximation
of Egs. (31) and (33) are valid.

The rate of decay of the covariance is dominated by the wind shear when
2rc 62g (0,zg)/A>> 1 40)

This occurs when the extra Doppler shift due to the wind shear at a separation of the range resolution Ar
is larger than the spectral width of the signal due to the pulse profile only [see Eq. 2MN]

The effects of wind shear with constant SNR [H (z)] over the observation interval are shown in Fig.
1. The wind shear produces a rapid decorrelation of the lidar signal, which appears as a damped oscillat-
ing signal as the observation points ¢; and ¢, deviate from the center of the observation interval ¢o. The
effects of a gradient in the SNR [H (z)] is shown in Fig. 2. The gradient produces an amplitude change in
addition to the effects of wind shear. .

3. Effects of Wind Turbulence

Atmospheric wind fields are characterized by random fluctuations in space and time. For many
cases, the statistics of the wind fields are well characterized by universal functions of basic parameters.
For Doppler radar the effects of the random fluctuations of the wind field over the sensing volume has
been discussed by Doviak and Zmic!S. For Doppler lidar, the situation is complicated because estimates
of the velocity are computed for a single shot. Ensemble averages over many shots was considered by
Churnside and Yura?!. The effects of spatial variations of backscatter coefficient over the sensing volume
of the pulse were investigated by Rye using simulations®. , ,

The covariance of the Doppler lidar signal for a single shot is given by Eq. (14), which can be writ-
ten as )

R (:1,:2)=£% [ [ AL@1=2210)AL (t-221c)0 cp,z)exp{zm[F-zAv, Pz )/x]}dz @1
0—co

where

Ay, @.Z Z 0) =V, @,Z v, (O,Z 0) 42)
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is the difference of the radial component of the velocity compared to v, (0,z¢). The mean frequency f is a
random variable because the wind field is random. The estimation error for estimates of the mean fre-
quency F using data from a single shot depends on the statistical properties of Av, (P.z,z¢) and the func-
tion H(p.z). For well behaved atmospheric conditions, the velocity difference Av, (P.z,z¢) is approxi-
mately a zero mean Gaussian random variable. Performing the ensemble average over this random vari-
able produces

Rs(tl,t;_)= j j AL (11=2z/c )AL (t3-22/c )H (B2 Jexp[2mi TF —212D, (B,z ,2 o)/ A*]dz (43)

where o o
D, (Pz.zg) = <Av,(p,z ,20)2> 44)

is the structure function of the fluctuations of the radial component of the velocity field. When the statis-
tics of the velocity fields over the sensing volume of the pulse are isotropic2®

D, (P.z.29) = C, ez o)r P(z —z )2 +4p U3)r? (45)

where C, is the Kolmogorov constant, €[m2s 2] is the energy dissipation rate, and r2=(z—z,)?+p2. Fora
Guassum transmitted pulse

No U, cAr 2 .
Rg(t1,t)= T exp(2ri tF —1%/1p %)
[ [H@rgar C+zo)exp{—[(u—ro)/o—az—srzmc’”(czwq 3Kt )2}dzrdc (46)
where K?={%*+¢2 and
A=0%C, (eAr)Y*/A\*=G2D, (0,2 g+Ar ,zg)/A? (47

represents the contribution from wind turbulence.
For a coherent Doppler lidar with a Gaussian transmitted spatial profile'?

C(z
0 expl-ar’g 03z (48)
®oj(z0)
where C (z¢) is the coherent responsivity at range zg and G (z¢) is the 1/e intensity radius of the transmit-
ted beam at range z,. For many cases of interest, C(zo) and Gp_are constant with range over the sensmg
volume of the pulse and ~~ -

H(Arg,zp) =

Ry (zl,:zp—T,g:—:;fiexp(sz—rﬁnp )
}' ]:CXD{—[(u—to)/G—Clz-StzAKm(Czﬂq2/3)/('ﬂp)2}dﬁd I (49)
Fora namovi beam the mtegranon over?ican be perfoxmed and = . : ' e
Rs(¢ l,:2)= °) expmiF —%/1p?) | exp{—[m-:o)/o-t;ﬁ—stz/xcmnp }ac N v(50)

The effects of wind turbulence and the finite transverse dimensions of the beam is shown in Fig. 3.
The decrease in the correlation scale due to turbulence is more pronounced for a wide beam (o >Ar)
because of the increase in the Doppler shifts from the random fluctuations of the wind in the transverse
dimensions.

The effects of wind turbulence for the common case of a narrow transmitted beam compared to the
range resolution (G <Ar ) is shown if Fig. 4.
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5. Summary

The signal covariance for coherent Doppler lidar data is derived including a linear wind shear and
linear system gain over the sensing volume of the pulse. Results are also presented for the case of isotro-
pic and homogeneous wind turbulence. For both these case, the signal statistics are not stationary over the
observation interval. The use of estimators for the system parameters that assume stationary (spectral
domain estimators) may not perform efficiently in these regimes. Improved performance is possible
using the improved description of the data contained in the signal covariance.
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APPENDIX A: Coherent Doppler Lidar Signals

The total coherent or heterodyne Doppler lidar signal iz (¢)[A] is the sum of the Doppler IF signal
current ig(t)[A] and the detector noise current iy (¢)[A] which is conveniently written in complex nota-
tion as iy (t)=Re [Y (¢)], iy (t)=Re [U (¢)], where

Y U ZGD €
U@ v

Gp is the dimensionless amplifier gain, e =1.602x 10~ Y(C/electron] is the electronic charge,
h =6.626 x 1073%[Js ] is Planck’s constant, V[Hz] is the optical frequency, Ng(W)lelectrons Iphoton] is
the detector quantum efficiency function on the detector surface, Eg(W.L ,t) is the backscattered field on
the detector surface, Efo (W,L) is the LO field on the detector surface, 85[rad] is the random phase of the
backscattered field compared to the LO field, Aw[rad/sec], is the angular frequency difference between
the transmitted and LO field, W[m ] is the transverse coordinate on the detector surface and dW denotes
two-dimensional integration over the detector surface. For ideal optical systems and for a infinite uniform
detector, the fields on the detector can be represented in terms of the fields in the plane of the receiver
optics, i.e.,

[ o (MEs WL DEL(W.L)expli Awt+i O5)dW (Al)

Y()=U @)+ [ Es(V.0.)ELo (V0)Wr (Mexpi Aax +i B5)dV (A2)

where E (%,0,t) and E;, (V,0) are the backscattered field and LO field in the receiver plane.

If the signal noise is dominated by the shot noise generated by the local oscillator field (quantum
limited detection), the average noise power is

<id(t)> =% <U@U" (t)>=2Gp2e*BngPLo/(hV) (A3)

where B [Hz] is the noise bandwidth. It is convenient to normalize the signals by the rms of the noise
current, i.e.,

Z(@)=Y @) <ig@)>2 =S N (1) (A4)

The backscattered field from a point scatterer at coordinate (B,z) with scattering cross section Gy is
Es(¥,0.)=Ac{?K (B.z) I E, (@.0,t-2z/c)Wr @G (BW.2)G (B;V.2 Jexpli 8(P.z )—4nitv, (B2 yAldW  (AS)

where 8(p,z) is the random phase of the backscattered field. The total backscattered field is the sum of
all the backscattered fields from the aerosol particles illuminated by the transmitted field. Substituting the
total backscattered field into Egs. (A2), (A4), (7), (1), performing the ensemble average over the random
phases ©(p,z) using the identity <exp[i(8(pr.z H+8(p3.22)]>=0, and converting the summation over
aerosol particles to integration!® produces Eq. (11). The same procedure produces Eq. (8).
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Figure 1

Fig.1 Effects of wind shear on normalized signal covariance [Egs. (6), (9), (38), F=0] as a function of
1/1p with constant SNR over the observation interval and ( ) H=tg, no wind shear, (....)
p—t=0 and Tp=Tws; (- - -) k—¢=20 and Tp=Tys; (- . - . ) p—t¢=1C and Tp=21ws; and (.- .. -)
p—to=20 and Tp=2Tws.
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Fig.2

Bs (t,,t,)VBg (9, )

3-0||||||||I|||l]l|l|l
2.5

2.0

1

1

0

0

-0.5

Figure 2

Effects of wind shear and gradients in SNR over the observation interval on the normalized sig-
nal covariance [Egs. (6), (9), (38), F=0] as a function of 1/1p compared with constant SNR over
the observation interval and no wind shear ( ). The curves represent (....) H—1¢=0, Tp =Tws
and ¥=0.2; (- - -) p~to=0, Tp=Tws, and +=04; (- . - ) P~ =20, Tp=21Tws, and ¥=0; (. - .. -)
p—t =20, Tp=2Tys, and ¥=0.2; and (.- - ..- -) p—~t =20, Tp=2Ty;s, and y=0.4.
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Fig.3

Effects of the finite transverse dimensions of a lidar beam and wind turbulence on the normalized
signal covariance [Egs. (6), (9), (49), F=0] as a function of T/t with constant SNR over the
observation interval and case a) p=¢, with (___) no wind turbulence; (...) A=2, and Op KAr; (--)

=2, and Gp=Ar/2; (. -.-) A=2, and Og=Ar; (- - . - - .) A=2, and 65 =2Ar; and case b) the same
as case a) but with u—¢¢=0.
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Figure 4

Fig4 Effects of wind turbulence on the normalized signal covariance [Egs. (6), (9), (S0)F=01as a
function of t/tp with constant SNR over the observation interval and narrow transmitted beam
compared to the range resolution (G <<Ar ) for case a) p=ty with (___) no wind turbulence; (...)
A=2; (- -) A=4; and case b) is the same as case a) but with p—¢;=0.
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